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ABSTRACT
Diverging supersonic flows are accelerating, as in the case of a de Laval nozzle, and
the same concept has been applied for acceleration of magnetohydrodynamic flows in
the universe. Here, we study the dynamics of “non-diverging” cylindrical supersonic
flows and show that they can be accelerated by effects of radiative cooling and the
tangled magnetic field. In addition to radiative cooling of the jet materials (cooling
effect), conversion of the ordered magnetic field into the turbulent one (conversion
effect) and dissipation of the turbulent magnetic field (dissipation effect) are formu-
lated according to our study on pulsar wind nebulae. Although each of the cooling
and conversion effects is an ineffective acceleration process, the terminal velocity of
magnetized cylindrical jets attains about half of the maximum possible value when
the cooling, conversion and dissipation effects work simultaneously. The radiation ef-
ficiency is also about half of the total luminosity of the jet in the case of maximal
acceleration. The concept for flow acceleration by the non-ideal MHD effects may be
useful for studying relativistic jets in active galactic nuclei, in which the region near
the jet axis is expected to be cylindrical and kink unstable.
Key words: MHD – relativistic processes – radiation: dynamics – turbulence – stars:
jets – galaxies: jets
1 INTRODUCTION
Relativistic collimated outflows are observed from a vari-
ety of astrophysical systems, such as active galactic nuclei
(AGNs), gamma-ray bursts, and microquasars. Their en-
gines are rotating compact objects and magnetic braking has
been discussed as a mechanism of extracting their rotational
energies. In this scenario, the base of the jet should be Poynt-
ing dominated. The broadband spectra of blazers, which are
AGN jets pointing toward us, suggest that they are no longer
Poynting dominated at 103 − 104rg from their central super-
massive black-holes, where rg is the Schwarzschild radius
(e.g., Inoue & Takahara 1996; Ghisellini et al. 2010).
Steady magnetohydrodynamic (MHD) flow has been
studied for the acceleration mechanism of jets. For a spher-
ically symmetric radial flow, a Poynting dominated ideal
MHD flow is not efficiently accelerated in contrast to a ther-
mally dominated relativistic fireball. Acceleration results
from the magnetic and thermal pressure gradient in asso-
ciation with the flow expansion, while the magnetic tension
acts against the magnetic pressure for the Poynting dom-
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inated flow. Komissarov et al. (2007, 2009) found that ax-
isymmetric ideal MHD flows confined by a rigid wall of a
prescribed shape can be accelerated efficiently. Because of
self-collimation of the jet core, some poloidal magnetic field
lines diverge faster than Bp ∝ R−2 and then the flow is ac-
celerated by converting the magnetic energy into the kinetic
one, where R is the cylindrical radius and Bp is the poloidal
magnetic field strength (cf. Lyubarsky 2009; Beskin 2010;
Toma & Takahara 2013). This relates with a well-known re-
sult that a cylindrical flow, i.e., a “non-diverging” flow, does
not accelerate in the ideal MHD and even in the pure hy-
drodynamic (fireball) cases.
An alternative mechanism to accelerate a Poynting
dominated flow is dissipation of the magnetic energy into the
plasma heat. In Lyubarsky & Kirk (2001) and Drenkhahn
(2002), the dissipation effect is added to the ideal MHD
formulation in a phenomenological way, and then the dis-
sipation time-scale is introduced as an additional parame-
ter of the system. For a specific choice of the dissipation
time-scale, so called ‘striped wind model’, the flow Lorentz
factor increases as ∝ r1/3, which is not so efficient as the
fireball model ∝ r, where r is the spherical radius. The dif-
ferent exponent of the radial dependence of the flow Lorentz
© 2019 The Authors
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factor implies that the gradient of thermal pressure which
originates from heating-up by magnetic dissipation is not a
direct mechanism of flow acceleration. The non-ideal MHD
effect provides a different acceleration mechanism.
The above consideration suggests that the non-ideal
MHD jet could be accelerated even for cylindrical geom-
etry. The recent VLBI radio observations of the M87 jet,
which is one of the most extensively observed AGN jets,
reveal that the overall jet shape is parabolic rather than
cylindrical (Asada & Nakamura 2012; Hada et al. 2013;
Nakamura et al. 2018). However, the cores of the jets are ex-
pected to be of cylindrical shape (e.g., Beskin & Nokhrina
2009; Porth & Komissarov 2015). A hint of the jet core
has also been observed from the same M87 jet, where
an additional component between the bifurcated limb-
brightened structure is reported (Asada et al. 2016; Hada
2017; Sob’yanin 2017; Walker et al. 2018; Ogihara et al.
2019). The dynamics of cylindrical jets with the effects of
the magnetic turbulence and radiative cooling is interesting
for the application to AGN jets.
In this paper, we study flow acceleration based on the
formulation developed by Tanaka et al. (2018) in cylindri-
cal geometry, where the flow does not accelerate in the
ideal MHD limit. Our formulation is a simple extension
of the magnetic dissipation model (Lyubarsky & Kirk 2001;
Drenkhahn 2002) and includes cooling of the plasma, conver-
sion of the ordered magnetic field into the turbulent one and
dissipation of the turbulent magnetic field (section 2). Ra-
diative cooling is an essential property of the relativistic jets
and recent numerical studies of relativistic jets also discuss
the development of the turbulence and the magnetic dissi-
pation inside the cylindrical core (e.g., Porth & Komissarov
2015; Bromberg & Tchekhovskoy 2016; Bromberg et al.
2019). In section 3, the flow solutions for different accel-
eration mechanisms are described. We find that a Poynting
dominated cylindrical jet can be accelerated efficiently by
the non-ideal MHD effects. Overall discussion and the con-
clusions of the present paper are drawn in section 4.
2 MODEL
Our formulation of relativistic outflow dynamics with the
turbulent magnetic field (Tanaka et al. 2018) is applied to
cylindrical jets. Three non-ideal MHD terms are introduced
in our formulation: (1) cooling of plasma, (2) conversion of
the ordered toroidal magnetic field into the turbulent one,
and (3) dissipation of the turbulent magnetic field into the
heat of plasma.
For simplicity, we consider non-expanding pure cylindri-
cal flows beyond the fast magnitosonic point. This is because
we focus on the non-MHD acceleration mechanisms rather
than the ideal MHD acceleration associated with flow expan-
sion (see also the discussion about the lateral force balance
of cylindrical jets in section 4).
2.1 Basic equations
The assumptions to the flow properties are (i) steady, (ii)
(cylindrical) one-dimension along the jet axis z, (iii) veloc-
ity field along the jet axis (no transverse component) and
(iv) no lateral structure. For the magnetic field, (v) trans-
verse (toroidal) and turbulent components are considered.
The system has six variables: the proper enthalpy density
w, the pressure p, the proper mass density ρ, the four ve-
locity along the jet axis u ≡ γβ, the strength of the ordered
transverse magnetic field b¯ in proper frame and the strength
of the turbulent magnetic field δb which is isotropic in the
proper frame (〈δb〉 = 0 and 〈δb2〉 = δb2). See Appendix A
for mathematical details of our formulation.
We adopt the equation of state of a Synge gas, i.e.,
a Ju¨ttner–Synge distribution plasma (Ju¨ttner 1928; Synge
1957). Introducing the non-dimensional temperature Θ(z)
which is normalized by the rest mass energy of the plasma
particles, the enthalpy density and the pressure are de-
scribed as
w(z) = ω(Θ)ρc2, (1)
p(z) = Θρc2 (2)
with
ω(Θ) ≡ K3(Θ
−1)
K2(Θ−1)
, (3)
where Kν(x) is the modified Bessel function of the second
kind and ω(Θ) → 1 for Θ → 0. The internal energy density
is written as
eint = w − p − ρc2 = (ω(Θ) − Θ − 1)ρc2. (4)
Equation of continuity is immediately integrable and
then the mass flux density,
Ûm ≡ ρ(z)u(z)c = const., (5)
is introduced. The rest of the four equations are
d
dz
[
γu
(
w + b¯2 +
2
3
δb2
)]
= −γΛcool
c
, (6)
d
dz
(w − p) + w d
dz
ln u =
δb2/2
ucτdiss
− Λcool
uc
, (7)
d
dz
b¯2
2
+
b¯2
2
d
dz
ln u2 = − b¯
2/2
ucτconv
, (8)
d
dz
δb2
2
+
2
3
δb2
d
dz
ln u = − δb
2/2
ucτdiss
+
b¯2/2
ucτconv
, (9)
which represent the conservation laws of the total energy
flux, the plasma internal energy, and the energies of the
ordered and turbulent magnetic field, respectively. All the
non-ideal MHD effects are on the right-hand side of equa-
tions (6) − (9), where Λcool, τconv and τdiss are parameters of
the system characterizing the cooling, conversion and dissi-
pation effects, respectively.
2.2 Differential equation for velocity
For the sake of convenience, we introduce five quantities;
ǫ(z) ≡ w + b¯2 + (2/3)δb2, (10)
l(z) ≡ γucǫ, (11)
σ(z) ≡ b¯
2
+ (2/3)δb2
w
, (12)
β2c (z) ≡
Γˆp + b¯2 + (2/9)δb2
ǫ
, (13)
Γˆ(z) ≡ ω
′(Θ)
ω′(Θ) − 1 . (14)
MNRAS 000, 1–11 (2019)
Efficient acceleration of cylindrical jets 3
The dash ′ in equation (14) denotes a derivative with respect
to Θ. Equations (10) − (14) represent the total energy (or
enthalpy, precisely) density ǫ(z), the total energy flux l(z),
the magnetization σ(z), the characteristic velocity βc(z), and
the effective adiabatic index Γˆ(z), respectively. Combining
equations (6) − (9) with the use of the above quantities, we
obtain the differential equation for the four velocity
ǫ(β2 − β2c )
du
dz
= (Γˆ − 1)Λcool
c
+
b¯2
3cτconv
+
(
4
3
− Γˆ
)
δb2
2cτdiss
. (15)
Equation (15) corresponds to the equation (19) of
Tanaka et al. (2018) although there are two important dif-
ferences.
First, in the ideal MHD limit (Λcool = 0 and τconv, τdiss →
∞), we obtain the well-known conclusion that the cylindri-
cal jet does not accelerate (du/dz = 0) because equation
(15) does not have the (geometrical) ‘expansion accelera-
tion’ term which is the first term of the right-hand side of
the equation (19) of Tanaka et al. (2018), and is propor-
tional to p/r. Second, the effective adiabatic index Γˆ ranges
from 4/3 (ultra-relativistic temperature Θ ≫ 1) to 5/3 (non-
relativistic temperature Θ ≪ 1) for a Synge gas, while we set
a constant adiabatic index of 4/3 (i.e., a relativistically-hot
gas) in our past study. Only the last term of the right-hand
side of equation (15) is negative for a Synge gas, i.e., they
work as flow deceleration for β > βc.
2.3 Numerical implementation
We solve the five differential equations (5) − (9) with the
help of the equation of state (equations (1) − (3)). The cor-
responding five variables are ρ(z)c2, u(z), Θ(z), b¯2(z), and
δb2(z). Five boundary conditions are set at an inlet bound-
ary z = z0 and we use a normalized position x ≡ z/z0 below.
It should be noted that we set z0 > 0 and also u(z) > 0 only
for simplicity while setting z0 ≤ 0 does not change any dis-
cussion below. The cylindrical axis z (or x) can be zero and
also negative unlike the spherical radius r. The inlet bound-
ary z0 (x = 1) is not related with the Schwarzschild ‘radius’
at all (see also section 4).
In this study, three of the five inlet boundary condi-
tions are fixed: (I) l0/c = γ0u0ω(Θ0)ρ0c2(1 + σ0) = 1, (II)
γmax ≡ l0/( Ûmc2) = 104, and (III) δb20 = 0. From the bound-
ary condition (I), the total energy flux is the same for all the
cases and the energy densities, ρ(z)c2, b¯2(z), δb2(z) and so on,
are normalized by l0/c = 1, i.e., they are non-dimensional
below. The boundary condition (II) fixes the maximum at-
tainable Lorentz factor to be the same for all the flows. The
boundary condition (III) is the assumption that the mag-
netic field is totally ordered at the inlet and then another
boundary condition σ0 = b¯
2
0
/(ω(Θ0)ρ0c2) is required to give
the magnetization at the inlet. In section 3, we study both
high- and low-σ0 cases by setting (IV) σ0 = 10
2 and 10−2,
respectively.
For the last inlet boundary condition, the four velocity
is set to be the characteristic velocity (equation (13)), (V)
u0 = uc,0, where
u2c,0 =
(Γˆ − 1 + σ0)γmax − (Γˆ − 1)(1 + σ0)γ0
(2 − Γˆ)γmax + (Γˆ − 1)(1 + σ0)γ0
. (16)
The inlet boundary is not arbitrarily point anymore and is
the ‘trans-characteristic-velocity’ point (u0 = uc,0). In prac-
tice, the inlet four velocity u0 is infinitesimally larger than
uc,0 in order to obtain the acceleration solutions (see equa-
tion (15)).
In conclusion, we study only two (σ0 = 10
2 and 10−2)
cases at the inlet boundary z = z0 (x = 1). Some results with
the other σ0 are briefly shown in appendix C. From l0/c = 1,
all the results shown in the next section 3 are dimensionless.
In order to relate our results with the power of the jet in real
systems, in addition to l0, we need to specify the cylinder
(jet) cross section. There still remains the arbitrariness of the
origin of coordinates or of the length scale along the cylinder
z0 which is the distance between the origin and the trans-
characteristic-velocity point. It should be noted that, from
the inlet boundary conditions (I) and (II), the boundary
conditions must satisfy a physical constraint γmax ≥ γ0(1 +
σ0) for Θ0 ≥ 0 (ω(Θ0) ≥ 0). The constraint gives an upper
limit of σ0 because γ0 = γc ∼ √σ0 for σ0 ≫ 1, i.e., σ0 . γ2/3max.
We have three parameters of the system. They char-
acterize the non-ideal MHD effects. For the conversion
and dissipation effects, the normalized length-scales xconv ≡
cτconv/z0 and xdiss ≡ cτdiss/z0 are introduced as the param-
eters. For the cooling effect, we set the form of the cooling
term as
Λcool
c
z0 =
eint
xcool
(17)
with the use of the internal energy density of plasma eint (cf.
Drenkhahn & Spruit 2002). Acceleration of cylindrical jets
is studied for xi = 10, 10
3, 105 and ∞ (i = cool, conv and diss)
by setting the outer boundary of xout = 10
10.
3 ACCELERATION MECHANISMS
We focus on flow acceleration (β > βc). The unit c = 1 is
adopted below. The first two terms on the right-hand side of
equation (15), i.e., the cooling and conversion effects, are im-
portant in this study, while the dissipation effect is subdom-
inant, i.e., the flow has little chance to decelerate (sections
3.1, 3.2). The dissipation effect heats up the plasmas and
then it contributes indirectly to flow acceleration through
the cooling effect rather than deceleration (section 3.3).
Flow acceleration by the cooling and conversion effects
is studied separately in sections 3.1 and 3.2, respectively. In
section 3.3, we study the case when all the three non-ideal
MHD effects work. The flows experience both conversion and
cooling acceleration and are efficiently accelerated close to
γmax in some cases. The adopted parameters and the derived
terminal values for each result in this section are summarized
in Table 1.
3.1 Cooling acceleration
Cooling acceleration is important for a relativistically-hot
flow. Fig. 1 shows the flow profiles for σ0 = 10
−2 correspond-
ing to Θ0 ≈ 2.0 × 103. The conversion and dissipation ef-
fects are ignored for the thick lines and xcool is 10 (thick
red solid lines), 103 (thick blue dashed lines), and 105 (thick
green dotted lines), respectively. Only the conversion effect
is added for the black dashed line (xconv = 10
3), while both
MNRAS 000, 1–11 (2019)
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Table 1. Summary of the adopted inlet boundary condition (σ0),
the characteristic length-scales (xcool, xconv, xdiss) and the derived
terminal values (u∞, σ∞, l∞) for Figs. 1 – 3.
Adopted Derived
σ0 xcool xconv xdiss u∞ σ∞ l∞
Fig. 1
10−2 10 ∞ ∞ 32 1.8 0.0089
10−2 103 ∞ ∞ 32 1.8 0.0089
10−2 105 ∞ ∞ 32 1.8 0.0089
10−2 103 103 ∞ 13 11 0.017
10−2 103 103 103 32 0 0.003
Fig. 2
102 ∞ 10 ∞ 150 17 1
102 ∞ 103 ∞ 150 17 1
102 ∞ 105 ∞ 150 17 1
102 ∞ 10 10 150 0 1
102 ∞ 103 10 150 0 1
102 ∞ 105 10 150 0 1
Fig. 3
102 10 10 10 790 0 0.079
102 10 103 10 4700 0 0.47
102 10 105 10 5000 0 0.5
xconv and xdiss are considered for the black dotted line. The
parameters are summarized in Table 1.
3.1.1 Results
The top panel of Fig. 1 shows the four velocity profiles. u2
0
≈
0.5 is almost the sound velocity of a relativistically-hot fluid.
The flows start to accelerate at x ≈ xcool and the terminal
velocity of u∞ ≈ 32 is the same for the different values of xcool
(see the thick lines). The thin black dotted line is almost
overlapped with the thick dashed blue line, while u∞ ≈ 13
for the thin black dashed line is significantly small compared
with that for the thick lines. In the acceleration phase, the
four velocity profiles obey u ∝ x3/4 which is consistent with
the analytic estimate introduced in appendix B1, i.e., u ∝
x1/Γˆ.
The middle and bottom panels of Fig. 1 are the mag-
netization and the total energy flux profiles, respectively
(l0 = u0γ0ǫ0 = 1). The terminal values are σ∞ ≈ 2 and
l∞ ≈ 10−2 for all the thick lines, i.e., ≈ 99 % of the jet
power is taken away from the system. The terminal values
are higher for the thin black dashed line and lower for the
thin black dotted lines than the thick lines.
3.1.2 Discussion
All the thick lines overlap with each other when we normal-
ize x with xcool because the characteristic length-scale of the
system is only xcool for the thick lines (cf., appendix B1). It
means that all the terminal values (u∞, σ∞, l∞) are exactly
the same and depend only on the inlet boundary condition
for xconv, xdiss → ∞. For example of σ0 = 10−3, u0, Θ0 and
u∞ are almost the same as those of σ0 = 10−2 while both σ∞
and l∞ are smaller than those of σ0 = 10−2 (cf. Fig. C1 in ap-
pendix C). When more than two characteristic length-scales
are introduced to the system, the terminal values are differ-
100
101
102
103
104
xcool= 10
1 103 105
∝x3/4
Cooling Acceleration
σ0=10
-2
u
10-2
10-1
100
101
102
σ
10-2
10-1
100
100 101 102 103 104 105 106 107 108 109 1010
l
x
Figure 1. The profiles of the four velocity u(x), the magnetiza-
tion σ(x) and the total energy flux l(x) when cooling acceleration
is dominant. The flows are a relativistically-hot low-σ0 flow at
the inlet boundary x = 1 (σ0 = 10
−2). The conversion and dissi-
pation effects are ignored for thick lines (xconv = xdiss = ∞) and
xcool is 10 (thick red solid lines), 10
3 (thick blue dashed lines), and
105 (thick green dotted lines), respectively. For thin black lines,
xcool = xconv = 10
3 is common while xdiss is 10 (thin black dotted
lines) and ∞ (thin black dashed lines), respectively. The adopted
parameters are summarized in Table 1.
ent for their combinations even when the inlet boundary is
the same (the thin lines in Fig. 1).
The flow tends to be cold (w∞ = ρ∞) for a finite xcool
and then the relation between the terminal values is written
as,
γ∞(1 + σ∞) = γmaxl∞, (18)
where l0 = 1 and equation (5) are used. Equation (18) just
represents the relation between the resultant terminal val-
ues. The terminal values are not obtained without solving
the differential equations as follows.
Cooling acceleration is triggered by the outward pres-
sure gradient force which results from extracting the plasma
heat by the cooling effect. Acceleration reduces the den-
sity according to equation (5) and also reduces the pres-
sure according to equation (7), i.e., acceleration itself is
also a source of the outward pressure gradient force. The
flow reaches a terminal velocity when the flow becomes cold
p → 0. Estimating u∞ is difficult without solving the dif-
ferential equations because the internal energy density de-
MNRAS 000, 1–11 (2019)
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creases not only by the cooling effect but also by flow ac-
celeration. Although the inlet and terminal internal energy
density eint,0 ≈ 0.84 and eint,∞ = 0 are the same for all the
lines in Fig. 1, the energy taken away from the system by
the cooling effect (l0 − l∞) is clearly different for different for
the cases of the thin black lines because the fractions of eint,0
converted into the kinetic (u∞) and also into the magnetic
energy (σ∞) are different.
The conversion effect does not work as an acceleration
mechanism, or even it lowers the terminal velocity for the
thin black dashed line on the top panel of Fig. 3. Because
σ0 ≪ 1 and xconv = xcool, cooling acceleration always dom-
inates over conversion acceleration. The discrepancy of the
velocity profile from the thick lines becomes apparent when
the magnetization approaches unity and this relates with the
different reactions of the toroidal and turbulent magnetic
field to flow acceleration. From the left-hand side of equa-
tions (8) and (9), b¯2u2 and δb2u3/4 are constants along the
flow if we ignore the right-hand side of these equations. This
represents that b¯2 and δb2 behave as the fluid components of
their adiabatic indices of 2 (two degrees of freedom gas) and
3/4 (relativistic photon gas), respectively (cf. Spitzer 1956).
In the acceleration phase, δb2 decreases slower than b¯2 and
then the terminal magnetization σ∞ is about an order of
magnitude larger for the black dashed line cases than the
thick line cases.
3.2 Conversion acceleration
Conversion acceleration is important for the high-σ0 case.
Fig. 2 shows the flow profiles for σ0 = 10
2 with xconv = 10 (red
solid lines), 103 (blue dashed lines), and 105 (green dotted
lines), respectively. The cooling effect is omitted for all the
lines (xcool = ∞). We consider dissipation of the turbulent
magnetic field for the thin lines (xdiss = 10), while we set
no dissipation for the thick lines (xdiss = ∞). The adopted
parameters and the derived terminal values are summarized
in Table 1.
3.2.1 Results
The top panel of Fig. 2 shows the four velocity profiles u(x),
where the thin and thick lines are overlapped with each
other. The inlet velocity of u0 ≈ 12 is much larger than
Fig. 1, because uc,0 ∼ √σ0 for σ0 ≫ 1,. The flows start to
accelerate at x ≈ xconv and the terminal velocity of u∞ ≈ 148
is the same for all the lines. Although the temperature is not
ultra-relativistic (Θ0 ≈ 2 and Γˆ > 4/3), deceleration by the
dissipation effect is less important for the thin lines. This is
because the plasma temperature increases by magnetic dis-
sipation so that dissipation deceleration eventually becomes
ineffective. We find u ∝ x1/3 in the acceleration phase. This
is consistent with the analytic estimate introduced in ap-
pendix B2.
The middle and bottom panels of Fig. 2 show the pro-
files of the magnetization σ(x) and the total energy flux l(x).
Difference between the thin and thick lines is evident only in
the magnetization profile, and σ∞ ≈ 17 ≪ σ0 even without
magnetic dissipation for the thick lines. Because xcool = ∞,
the total energy flux is conserved l(x) = l0 = 1 for all the
lines, i.e., ǫ(x) decreases with flow acceleration.
100
101
102
103
104
xconv= 10
1 103 105
∝x1/3
Conversion Acceleration
σ0=10
2
Thin : (xcool,xdiss)=(∞,10)
Thick: (xcool,xdiss)=(∞,∞)
u
10-2
10-1
100
101
102
σ
10-2
10-1
100
100 101 102 103 104 105 106 107 108 109 1010
l
x
Figure 2. The flow profiles when conversion acceleration is dom-
inant. The cooling effect is omitted xcool = ∞ and is σ0 = 102. The
results for xconv = 10 (red solid lines), 10
3 (blue dashed lines), and
105 (green dotted lines) are shown. The thin lines which are the
case of xdiss = 10 are overplotted on no dissipation case (xdiss = ∞:
thick lines). The adopted parameters are summarized in Table 1.
3.2.2 Discussion
As is the case of cooling acceleration, the system can be
normalized by the characteristic length-scale xconv for the
thick lines and all the terminal values are the same for the
different xconv (see also appendix B2). The terminal values
again depend on the inlet boundary condition (cf. Fig. C1
in appendix C). Both of the inlet and terminal velocities are
lower for lower σ0 and conversion acceleration does not work
for σ0 ≪ 1.
Conservation of the mass and energy fluxes leads to
γ∞ω(Θ∞)(1 + σ∞) = γmax . (19)
Even for the case of a finite xdiss (σ∞ → 0), we do not find
an analytical way to estimate the terminal velocity because
Θ∞ ≈ 17 also increases from the inlet value by magnetic
dissipation.
The conversion effect also induces the outward (mag-
netic) pressure gradient force. Without magnetic dissipation,
it is evident from the second term of the left-hand side of
equations (8) and (9) that the conversion effect does not
change the magnetic energy density (eb¯+eδb = b¯
2/2+δb2/2)
but changes the ‘magnetic pressure’ (pb¯+pδb = b¯
2/2+δb2/6).
This also results from the different effective adiabatic in-
MNRAS 000, 1–11 (2019)
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100
101
102
103
104
xconv=10
1 103 105
∝x0.6
Conversion+Cooling
σ0=10
2
u
10-2
10-1
100
101
102
σ
10-2
10-1
100
l
10-1
100
100 101 102 103 104 105 106 107 108 109 1010
(dl
nu
/d
ln
x) c
o
o
l, 
co
nv
x
Figure 3. The flow profiles for efficiently accelerated cases, where
all the cooling, conversion and dissipation effects play a role. The
flows are high-σ0 (σ0 = 10
2). The results for xconv = 10 (red solid
lines), 103 (blue dashed lines), and 105 (green dotted lines) are
shown. xdiss = xcool = 10 are common for all the lines. The adopted
parameters are summarized in Table 1. The thin and thick lines
in the bottom panel correspond to the conversion and cooling
acceleration rates, respectively (see equation (20)).
dices between the toroidal and turbulent magnetic field
as discussed in section 3.1.2. Here, the enthalpies for the
toroidal and turbulent magnetic field are eb¯ + pb¯ = b¯
2 and
eδb + pδb = (2/3)δb2 (see equation (10)). As a result, the
outward pressure gradient accelerates the flow until all the
toroidal magnetic field is totally converted into the turbulent
one.
3.3 Efficient acceleration
The high-σ0 flows which experienced conversion acceleration
can be accelerated by the cooling effect after the dissipation
of the turbulent magnetic field into the plasma heat. Fig.
3 shows the high-σ0 flow profiles with both of the conver-
sion and cooling effects. xconv = 10 (red solid), 10
3 (blue
dashed), and 105 (green dotted) are different for each line,
while xdiss = xcool = 10 are common for all the lines. The pa-
rameters of the calculations are summarized in Table 1. Note
that both cooling and conversion acceleration work even for
the other combinations of (xcool, xconv, xdiss) but the flows are
not always accelerated efficiently as Fig. 3.
3.3.1 Results
The top panel of Fig. 3 shows the four velocity profiles
u(x). Additional acceleration by cooling increases the ter-
minal velocity compared with Fig. 2. For the red solid
line (xconv = 10), in addition to conversion acceleration at
x . 103, cooling acceleration at x ∼ 104 increases the ter-
minal velocity to u∞ ≈ 786 which is about five times larger
than that of conversion acceleration. For the blue dashed
and green dotted lines (xconv = 10
3, 105), their terminal ve-
locities attain to about half of the maximum possible value
of u∞ ≈ γmax/2. The acceleration profiles for the blue and
green lines are different from both cooling u ∝ x1/Γˆ and con-
version ∝ x1/3 acceleration, and are close to u ∝ x0.6 (see
below).
The second and third panels of Fig. 3 show the profiles
of the magnetization σ(x) and the total energy flux l(x). For
the green dotted line in the second panel, the magnetization
increases slightly at x . xconv = 10
5 because of the cooling
effect. The terminal value of the total energy flux is much
larger than the case of cooling acceleration (Fig. 1) and l∞ ≈
0.5 for the blue and green lines. The radiation efficiency is
about 50%.
The bottom panel of Fig. 3 shows the flow acceleration
rates by the conversion (thin) and cooling (thick) effects,
respectively. For example, the flow acceleration rate by the
cooling effect is written as (cf. equations (15) and (17))(
d ln u
d ln x
)
cool
=
(Γˆ − 1)eint
uǫ(β2 − β2c)
x
xcool
. (20)
The flow deceleration rate by the dissipation effect is not
plotted for clarity and is always subdominant. At the first
acceleration phase x . 103, conversion acceleration plays a
role for the red solid and blue dashed lines while cooling
acceleration works for the green dotted line. Comparing the
red solid with the blue dashed and green dotted lines, we find
that the second acceleration phase (x & 103) is important for
efficient acceleration, where both of cooling and conversion
acceleration equally work. The combined flow acceleration
rate becomes (d ln u/d ln x)cool+conv ≈ 0.6 for the second ac-
celeration phase of the blue dashed and green dotted lines
(see also the top panel of Fig. 3).
3.3.2 Discussion
Including all the non-ideal MHD effects, the flow tends to be
cold (w∞ = ρ∞) and unmagnetized (σ∞ = 0). The terminal
Lorentz factor and the terminal total energy flux have a
simple relation
γ∞ = γmaxl∞. (21)
Nevertheless, we find the terminal velocity only by numeri-
cally solving the differential equations. The dependence on
the inlet boundary condition are studied in appendix C (Fig.
C1). Although the terminal velocity decreases with σ0, it
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can be a still significant fraction of γmax (u∞ ≈ γmax/5) for
σ0 = 1.
Some of our results are similar to those of
Drenkhahn & Spruit (2002), i.e., the terminal Lorentz factor
is about half of the maximum possible value and about half
of the inlet total energy flux is radiated away from the sys-
tem for their high-σ cases (their Fig. 3). Our efficient accel-
eration is similar to the calculations of Drenkhahn & Spruit
(2002) when xconv is much larger than both xcool and xdiss
because Drenkhahn & Spruit (2002) set fast cooling and di-
rect dissipation of the toroidal magnetic field into the plasma
heat. On the other hand, our acceleration rate (u ∝ x0.6) is
faster than theirs that is slower than u ∝ r1/3 (the top-panel
of their Fig. 1). Differences between our and their calcu-
lations are that they adopted spherical geometry and the
dissipation time-scale is not constant in the proper frame
like our formulation but is almost constant in the observer
frame.
For spherical geometry, the expansion acceleration term
appears in equation (15) (see equation (19) of Tanaka et al.
2018). The analytic result u ∝ r1/3 by Drenkhahn (2002) is
reproduced without both cooling and expansion acceleration
while we should assume that the spherical flow is always cold
because of adiabatic expansion (see appendix B3). The flow
also remains cold for Drenkhahn & Spruit (2002) because of
fast cooling similar to the present case, and then the differ-
ence between our acceleration rate and theirs might not be
caused by difference of adopted geometry in this sense. More
systematic studies are required to determine the acceleration
mechanism of Drenkhahn & Spruit (2002).
4 DISCUSSION AND CONCLUSIONS
Acceleration of cylindrical jets is studied by including the
three non-ideal MHD effects, namely the cooling xcool, con-
version xconv, and dissipation effects xdiss (cf. Tanaka et al.
2018). For a Synge gas which has the effective adiabatic in-
dex of 4/3 ≤ Γˆ ≤ 5/3, the cooling and conversion effects
accelerate the flow of β > βc while the dissipation effect
decelerates it. Although each of cooling and conversion ac-
celeration does not accelerate the flow significantly (Figs. 1
and 2), the terminal velocity attains about half of the maxi-
mum possible value of γmax/2 when all the three effects work
simultaneously (Fig. 3).
The model of the broadband emission of blazers implies
that the jets are particle dominated flows and the radiative
efficiency of them would be a few tens of percent of their
kinetic luminosity (e.g., Celotti & Ghisellini 2008). Based
on the ideal MHD picture of relativistic jets, shock dissi-
pation of the kinetic energy of the particle dominated jet
results in the emission, e.g., the reconfinement shock model
(Sanders 1983). Efficient radiation means significant decel-
eration of the jet by the shock (e.g, Nalewajko 2012). Our
non-ideal MHD picture for the efficiently accelerated case is
more like magnetic reconnection rather than the shock as
the dissipation process. Dissipation and subsequent cooling
processes which result from an internal instability of the jet
(e.g., Bromberg & Tchekhovskoy 2016) accelerate the flow.
The radiative efficiency will be about a few tens percent of
the jet luminosity for our efficiently accelerated case.
The blazer emission also implies that the emission
region is relatively close to the supermassive black-hole
(103 − 104rg) (e.g., Chiaberge & Ghisellini 1999). Although
Drenkhahn & Spruit (2002) also found the solutions which
has similar terminal velocity ∼ γmax/2 and similar radiative
efficiency ∼ l0/2 to ours in the spherical outflow, our accel-
eration rate ∝ x0.6 is faster than theirs that is slower than
∝ r1/3. In addition, the trans-characteristic-velocity point
z0 in cylindrical geometry does not relate directly with and
could be smaller than the Schwarzschild radius rg because
the origin of coordinates need not be the center of the super-
massive black hole. This is not the case in spherical geometry
in which the trans-characteristic-velocity ‘radius’ should be
larger than rg.
In the present paper, we adopt the cylindrical geome-
try for simplicity and also for the purpose of studying the
non-ideal MHD acceleration. For the other jet geometries,
the non-ideal MHD acceleration also works in addition to
the ordinary ‘expansion acceleration’ in ideal MHD. In prac-
tice, we should consider the lateral jet structure by solving
the transfield force balance equation (e.g., Lyubarsky 2011)
and look for the relative importance of the ideal to non-
ideal MHD acceleration, simultaneously. Generalization of
the transfield force balance equation by including the phe-
nomenological non-ideal MHD effects are beyond the scope
of the present study and the generalization is expected based
on more sophisticated formulation of non-ideal MHD effects.
However, it is still worth discussing the lateral force
balance in cylindrical jets. In order to keep the cylindrical
structure, the lateral force balance equation (radial compo-
nent of equation (A6)) should be satisfied all along the jet
axis, i.e.,
∇µTµR = d
dR
(
p +
δb2
6
)
+
b¯
R
d
dR
Rb¯
=
d
dR
(
p +
δb2
6
+
b¯2
2
)
+
b¯2
R
= 0, (22)
for any z. The toroidal magnetic field has clearly different
contribution because of the magnetic tension force. We first
consider the case that the transverse force balance is satisfied
at the inlet boundary and that the external pressure pext is
constant along the jet axis. The ideal MHD flow can be
cylindrical because all p, δb2, b¯2 are independent from z.
The cooling term alone reduces p along the flow, i.e., we
have a converging flow. The dissipation term alone converts
δb2/2 to eint ≈ 3p (for relativistically hot plasma) and then
the flow can keep an approximately cylindrical structure.
The conversion term alone converts b¯2/2 to δb2/2 and then
we have a diverging flow by the reduction of the magnetic
tension. Efficiently accelerating, approximately cylindrical
jets would be realized in special situations, such as the mildly
magnetized flow σ0 ≤ 1 requiring the magnetic tension force
to be subdominant with decreasing pext against extraction
of the internal pressure by radiation along the jet.
Our non-ideal MHD formulation is heuristic but would
be a way to fill the gap between simplified analytic (ideal
MHD) studies and more realistic numerical studies. There
are some other non-ideal MHD terms which make both an-
alytical and numerical (theoretical) studies close to the re-
ality. Mass loading to the jet is an example (cf. Komissarov
1994; Toma & Takahara 2012). Effects of multi-composition
plasma would also be significant to change the dynamics of
relativistic jets. For example, the three-fluid (electron, pro-
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ton and charged dust) model by Motschmann et al. (1992)
would provide some insight into electron-positron-proton
system.
Effects of cosmic-rays would also be important because
they are also considered as an additional component in the
MHD formulation (cf. Bai et al. 2015). The cooling effect in
this study may be recognized as not only the radiative cool-
ing but also the cosmic-rays (non-thermal particles) produc-
tion and escape because the energy of the thermal particles is
reduced by the back-reaction of cosmic-ray acceleration. Be-
fore we observe the (non-thermal) radiative signatures from
the relativistic jets, there must occur particle acceleration
and it should acquire a non-negligible fraction of the jet lu-
minosity. Stochastic particle acceleration by the magnetic
turbulence is expected and is a promising process to explain
the non-thermal emission from some relativistic objects in-
cluding blazers (e.g, Asano et al. 2014; Sasaki et al. 2015;
Tanaka & Asano 2017).
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APPENDIX A: A MODEL OF THE COOLING,
CONVERSION AND DISSIPATION EFFECTS
We follow the relativistic MHD formulation including the
three phenomenological terms introduced in Tanaka et al.
(2018). Stating from the ideal MHD equations (section A1),
we summarise their non-ideal MHD formulation in the co-
variant form (sections A2 − A4). The derivation of equations
(6) − (9) are summarized in section A5.
A1 Ideal MHD equations
On the ideal MHD approximation, the energy-momentum
tensor has a fluid T
µν
FL
and an electromagnetic T
µν
EM
parts,
i.e.,
Tµν ≡ Tµν
FL
+ T
µν
EM
≡
(
w + b2
)
uµuν +
(
p + b2/2
)
g
µν − bµbν, (A1)
where w, p and uµ = γ(1, β) are the proper enthalpy den-
sity, the pressure and a four velocity of the fluid. The mag-
netic field four-vector is written as bµ = ∗Fµνuν (∗Fµν =
(1/2)eµναβFαβ) with the use of the Levi-Civita tensor eµναβ
and the electromagnetic field Fµν tensor.
An ideal MHD system is fully described by equation
of state, the conservation of the particle number, the con-
servations of the energy and momentum, and the induction
equation, i.e.,
w = w(p, ρ), (A2)
∇µ(ρuµ) = 0, (A3)
∇νTµν = 0, (A4)
∇ν∗Fµν = ∇ν(bµuν − bνuµ) = 0, (A5)
where ρ is the the proper mass density.
A2 Raditive Cooling
The energy-momentum of the MHD system is not preserved
by including radiative cooling. Introducing the cooling rate
Λcool, we rewrite equation (A4) as (cf. Drenkhahn & Spruit
2002)
∇νTµν = −uµΛcool
c
, (A6)
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where Λcool is a parameter of the system and the radiation
is isotropic in the comoving frame in this form.
A3 Magnetic Dissipation
We adopt a phenomenological formulation of magnetic dissi-
pation (a sink term in the induction equation) by Drenkhahn
(2002). The magnetic field is separated into the non-
reconnecting bˆµ and the decayable bˇµ parts (bµ = bˆµ + bˇµ),
considering the magnetic reconnection of the alternating
toroidal magnetic field in the striped wind model (Coroniti
1990). Magnetic dissipation appears as a sink term in the
induction equation for bˇµ, i.e.,
∇ν(bˆµuν − bˆνuµ) = 0, (A7)
∇ν(bˇµuν − bˇνuµ) = − bˇ
µ
cτrec
, (A8)
where the parameter τrec is the decay time-scale defined
in the comoving frame. These equations are the covariant
formulation of the phenomenological magnetic dissipation.
Equations (30) and (31) of Drenkhahn (2002) are recovered
for a (1) steady, (2) spherical symmetric, (3) pure radial flow
with (4) pure toroidal magnetic fields for both bˆµ and bˇµ.
Note that all the right-hand side quantities in equations (30)
and (31) of Drenkhahn (2002) are defined in the laboratory
frame.
Our picture is different from the striped wind model
(see section A4), and then we rewrite the ‘non-reconnecting
toroidal’ field bˆ with b¯ and the ‘decayable turbulent’ one bˇ
with δbµ (bµ = b¯µ + δbµ). Adding equations (A7) and (A8),
we describe magnetic dissipation as
∇ν(bµuν − bνuµ) = − δb
µ
2cτdiss
, (A9)
where we replace τrec into 2τdiss for later convenience. The
induction equation for b¯µ is discussed in section A4. Note
that δbµ is not toroidal unlike bˇµ in Drenkhahn (2002).
A4 Magnetic Conversion
Drenkhahn (2002) considered that the non-reconnecting
fraction of the magnetic energy is constant of the sys-
tem (equation (A7)). However, in our picture, the non-
reconnecting toroidal field is converted into the decaying
turbulent field by MHD instabilities and then we extend
the induction equation of b¯µ in the similar way of section
A3 in order to allow the non-reconnecting fraction decreas-
ing along the flow. Introducing a sink term to the induction
equation of b¯µ, we obtain
∇ν(b¯µuν − b¯νuµ) = − b¯
µ
2cτconv
, (A10)
where τconv is the comoving conversion time-scale and is an
additional parameter of the system. In term of the energy
spectrum of the magnetic turbulence (cf. Zhou & Matthaeus
1990), τconv determines the injection of the large-scale tur-
bulence while τdiss determines dissipation of the small-scale
turbulence (see also section 4.3 of Tanaka et al. 2018).
A5 Derivation of Equations (6) − (9)
Our non-ideal MHD system is fully described by replac-
ing equations (A4) and (A5) into equations (A6), (A9) and
(A10) with bµ = b¯µ + δbµ in the covariant form. In or-
der to obtain equations (6) − (9), we impose the follow-
ing assumptions: (i) steady (∂t = 0), (ii) cylindrical one-
dimensional geometry (gµν = diag(−1, 1, R2, 1)), (iii) veloc-
ity field along the jet axis (uµ = (γ, 0, 0, u)) and (iv) the
non-reconnecting toroidal magnetic field (b¯µ = (0, 0, b¯, 0)).
(v) The decaying turbulent magnetic field, converted from
the toroidal one, is set to be isotropic in the comoving
frame (〈bµbµ〉 = b¯2 + δb2 and 〈bµδbµ〉 = δb2) and satis-
fies uµδb
µ
= 0 because uµb
µ
= uµ b¯
µ
= 0, where 〈 〉 represents
the ensemble average. The total magnetic field four-vector is
bµ = (uδbz, δbR, (b¯ + δbφ)/R, γδbz) with 〈δbiδbj 〉 = (δb2/3)δij
(i, j = R, φ, z).
Equation (6) is the ensemble average of the time-
component of equation (A6), i.e.,
∇ν 〈T tν〉 = ∇ν
(
(w + 〈b2〉)utuν + (p + 〈b2〉)/2)gtν − bt bν
)
=
d
dz
[
γu
(
w + b¯2 +
2
3
δb2
)]
= γ
Λcool
c
. (A11)
We treat δbµ by contracting equations (A9) and (A10) with
bµ and taking ensemble average. We obtain
〈bµ∇ν(bµuν − bνuµ)〉
= 〈b2〉∇νuν + uν∇ν 〈b2〉/2 − 〈bµbν〉∇νuµ
= 〈b2〉 du
dz
+ u
d
dz
〈b2〉
2
− 〈bµbν〉∇νuµ = − δb
2/2
cτdiss
,(A12)
and
〈bµ∇ν(b¯µuν − b¯νuµ)〉
= b¯2∇νuν + uν∇ν b¯2/2 − b¯µ b¯ν∇νuµ
= b¯2
du
dz
+ u
d
dz
b¯2
2
= − b¯
2/2
cτconv
, (A13)
respectively. Equation (A13) corresponds to equation (8)
and we obtain the equation for the turbulent magnetic field
(equation (9)) from the difference between equations (A12)
and (A13). Finally, we contract equation (A6) with uµ and
take the ensemble average,
−uµ∇ν 〈Tµν〉
= ∇ν
(
uν(w + 〈b2〉)
)
− uν∇ν(p + 〈b2〉/2) + uµ 〈bν∇νbµ〉
= u
d
dz
(
w − p + 〈b
2〉
2
)
+ (w + 〈b2〉) du
dz
+ uµ 〈bν∇νbµ〉
= −Λcool
c
. (A14)
Combining equations (A14) with (A12), we obtain equation
(7), where we use uµb
µ
= 0.
APPENDIX B: ASYMPTOTIC SOLUTIONS OF
VELOCITY PROFILE
For the purpose of this section, the equation of state with the
constant adiabatic index γˆ is adopted. The relation between
the pressure p and the internal energy density eint is set to
p = (γˆ − 1)eint (B1)
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and then the enthalpy density is
w = ρc2 +
γˆ
γˆ − 1 p, (B2)
where ρ is the mass density. In this appendix, we just need
to replace Γˆ in the equations in section 2 to γˆ.
B1 Cooling
Here, we consider a pure hydrodynamic flow (b¯ = δb = 0)
and then only the first term of the right-hand side of equa-
tion (15) remains. For relativistically-hot (p ≫ ρc2) ultra-
relativistic flows (u ≈ γ ≫ 1 and β ≈ 1), equation (15) be-
comes
u′ ≈ p
w − γˆp
≈ g−1 − g−2 ρc
2
p
with g ≡ γˆ 2 − γˆ
γˆ − 1 , (B3)
where the normalized derivative operator ′ ≡ xcoold/dx is in-
troduced. At the second line of equation (B3), the right-hand
side is expanded first-order in ρc2/p. Eliminating ρ, p, eint,
and w from equation (7) with the use of equations (5), (B1),
(B2), and (B3), we obtain
(γˆ − 1)u′(1 − gu′) + guu′′ + 1 − gu′ = 0. (B4)
The assumption of u ≫ 1 gives uu′′ ≈ (γˆ − 1)u′2 and then we
obtain u ∝ x1/γˆ from this differential equation.
Interestingly, cooling acceleration does work even in
non-relativistic flows so that cooling acceleration is not a
relativistic effect like the reduction of the ‘thermal’ mass of
the fluid by cooling. In the non-relativistic limit for both the
velocity (u ≈ β ≪ 1) and temperature (wβ2 ≈ ρv2), equation
(15) becomes
β′ ≈ p
ρv2 − γˆp , (B5)
where v = cβ. The right-hand side of equation (B5) is posi-
tive for supersonic flows v > cs, where c
2
s ≡ γˆp/ρ. However,
cooling acceleration beyond the sonic point can be signifi-
cant only for relativistically-hot flows, because a supersonic
flow is accelerated by extracting its thermal energy which
is always smaller than the kinetic energy for non-relativistic
supersonic flows.
B2 Conversion
Here, we consider the case that the second term of the right-
hand side of equation (15) is important, i.e., Λcool = 0 and
τdiss → ∞. For high-σ ultra-relativistic flows (u ≈ γ ≫ 1 and
β ≈ 1), equation (15) becomes
u′ ≈ b¯
2/3
w − γˆp + (4/9)δb2
≈ 3
4χ
, with χ ≡ δb
2
b¯2
, (B6)
where we set δb2 ≫ w in the second line and the normal-
ized derivative operator ′ ≡ xconvd/dx is introduced. Dividing
equations (8) and (9) by b¯2 and δb2, respectively and then
subtracting the two equations from each other, we obtain
χ′
χ
=
1
u
+
1
uχ
+
2
3
u′
u
. (B7)
Eliminating χ from the equation (B7) with the use of equa-
tion (B6), we find
uu′′ + 2u′2 + u′ = 0. (B8)
The assumption of u ≫ 1 gives uu′′ ≈ 2u′2 and then we ob-
tain u ∝ x1/3 from this differential equation and also obtain
χ ∝ x2/3 from equation (B6).
B3 Dissipation
The last term of the right-hand side of equation (15) is
less important than the other terms because a large value
of δb2/τdiss immediately heating up plasma, i.e., (4/3) −
Γˆ → 0. Instead, we reexamine the case of direct dissipa-
tion of the toroidal magnetic field into the plasma heat (cf.
Lyubarsky & Kirk 2001; Drenkhahn 2002; Zrake & Arons
2017). We recover the equations of direct dissipation of
the toroidal magnetic field by setting the right-hand side
of equation (9) equals to zero, i.e., the turbulent magnetic
field immediately dissipates rather than convected by the
flow (b¯2/τconv = δb2/τdiss). For high-σ ultra-relativistic flows
(u ≈ γ ≫ 1 and β ≈ 1), equation (15) becomes
u′ ≈ 2 − γˆ
2
b¯2
w − γˆp
≈


1
γˆξ
(p ≫ ρc2)
2 − γˆ
2η
(w ≈ ρc2)
(B9)
where we introduced ξ ≡ p/b¯2, η ≡ ρc2/b¯2 and the normalized
derivative operator ′ ≡ xdissd/dx is introduced.
For cylindrical jets, plasma would be heated up to a
relativistic temperature by magnetic dissipation, i.e., p ≫
ρc2. Combining equations (7) and (8), we obtain, with the
use of equations (5) and (B2),
ξ ′
ξ
=
1
u
+
1
uξ
+ (2 − γˆ)u
′
u
. (B10)
Eliminating ξ from equation (B10) with the use of equation
(B9), we find
uu′′ + 2u′2 + u′ = 0. (B11)
The assumption of u ≫ 1 gives uu′′ ≈ 2u′2 and then we
obtain u ∝ x1/3 which is the same as the case of conversion
acceleration (appendix B2).
For spherical geometry, on the other hand, plasma is
not heated up to a relativistic temperature as a result of
flow expansion. In order to recover the result of Drenkhahn
(2002), we consider the cold limit w ≈ ρc2 (omitting equation
(7). Combining equations (5) and (8), we obtain
η′
η
=
1
u
+
u′
u
. (B12)
Eliminating η from equation (B12) with the use of equation
(B9), we find
uu′′ + u′2 + u′ = 0. (B13)
The assumption of u ≫ 1 gives uu′′ ≈ u′2 and then we
obtain u ∝ x1/2 which is different from the case in the
relativistically-hot limit. u ∝ x1/2 is also different from the
result of Drenkhahn (2002) (u ∝ r1/3) because they set τdiss is
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not constant but τdiss ∝ γ. Taking into account τdiss ∝ γ ≈ u,
we obtain the same result u ∝ x1/3 as Drenkhahn (2002)
with the same procedure as above. It should be noted that
u ∝ x1/3 is obtained without the expansion acceleration
term, i.e., the plasma heating by magnetic dissipation and
subsequent expansion acceleration are not important for dis-
sipation acceleration. Spherical geometry just ensures the
flow to be cold by adiabatic expansion.
APPENDIX C: PROFILES OF VARIOUS INLET
BOUNDARY
Fig. C1 shows the flow profiles for a various σ0. The charac-
teristic lengths are fixed to (xcool, xconv, xdiss) = (103,∞,∞)
for cooling acceleration (left column), (xcool, xconv, xdiss) =
(∞, 103,∞) for conversion acceleration (middle column) and
(xcool, xconv, xdiss) = (10, 103, 10) for efficient acceleration
(right column). The inlet boundary conditions are σ0 = 10
−3
(black thin), 1 (red solid), 10 (blue dashed), and 3 × 102
(green dotted), where σ0 . γ
2/3
max ≈ 460 for γmax = 104 from
the requirement Θ0 > 0 (see section 2.3).
For cooling acceleration, u∞ are similar to each other,
while σ∞ and l∞ are different for different σ0. Cooling accel-
eration is ineffective for the high-σ0 cases and then u0 ≈ u∞.
The inlet internal energy density is eint,0 ≈ 0.86 and 0.84 for
σ0 = 10
−3 and 10−2, respectively so that the velocity profiles
for σ0 ≪ 1 are almost the same.
Conversion acceleration is significant for the high-σ0
flows and inefficient for σ0 ≤ 1. On the other hand, for effi-
cient acceleration, the terminal velocity is u∞ ≈ γmax/5 even
for σ0 = 1. For efficient acceleration, both the velocity and
magnetization profiles are similar to each other for σ0 ≥ 1
beyond x > 103.
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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Figure C1. The profiles of the four velocity u(x) (top row), magnetization σ(x) (middle row) and the total energy flux l(x) (bottom
row) for the different inlet boundary conditions σ0 = 10
−3 (black thin line), 1 (red solid line), 10 (blue dashed line), and 3 × 102 (green
dotted line). The left three panels consider the case of cooling acceleration (xcool, xconv, xdiss) = (103,∞,∞) (section 3.1). The middle three
panels consider the case of conversion acceleration (xcool, xconv, xdiss) = (∞, 103,∞) (section 3.2). The right three panels consider the case of
efficient acceleration (xcool, xconv, xdiss) = (10, 103, 10) (section 3.3).
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